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Abstract. The aim of this work is to study the first order Dirac-Sobolev spaces in 
LP norm on an open subset of R 3 to clarify its relationship with the corresponding 
Sobolev spaces. It is shown that for 1 < p < oo, they coincide, while for p = 1, 
the latter spaces are proper subspaces of the former. 
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1. Introduction 

In the recent work [2], Balinski-Evans-Saito introduced an L p -seminorm ||(a ■ 
p)/||p,n °f a C 4 -valued function / in an open subset Q of M 3 , relevant to a massless 
Dirac operator 

3 

(1.1) a ■ p = a j(~ id i) ( d J = d / dx j), 

where p = — zV, and a = («i, ol%) is the triple of 4 x 4 Dirac matrices 

(1.2) = 1,2,3) 

with the 2x2 zero matrix O2 and the triple of 2 x 2 Pauli matrices 

i\ /o -A (\ 



They used this seminorm to give a group of inequalities called Dirac-Sobolev inequal- 
ities in order to obtain L p -estimates of the zero modes, i.e. eigenfunctions associated 
with the eigenvalue A = 0, of the Dirac operator (a ■ p) + Q, where Q(x) is a 4 x 4 
Hermitian matrix-valued potential decaying at infinity. We believe that our above 
notation "p" for the differential operator — z'V will not be confused with another 
"p" which appears as the superscript 1 < p < 00 of the space LP . 
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Let Q be an open subset of IR 3 and let the first order Dirac-Sobolev space 
HlQ P (f2), 1 < p < oo, be the completion of [C^°(fi)] 4 with respect to the norm 
(1.3) 



D,l,p,U 



(\fW\ P P + I (a • P)f(x)\*)dx = {\\f\\l n +\\(a- p)/||^) 1/p , 



where f(x) = t (fi(x), f2(x), fs{x), f4,(x)), the norm of a vector a = t (ai,a 2 , a 3 , a 4 ) G 
C 4 being denoted by 

(1.4) \a\ p = [J2\ a k\ p ] P - 

k=l 

As one of the simplest Dirac-Sobolev inequalities ([2], Corollary 2), they showed: 
If O is a bounded open subset of M 3 and / G HQ P (fi) with 1 < p < oo, then for 
1 < k < p(p + 3)/3 there exists a positive constant C such that 

(1-5) ||/lkn<C||(a.p)/|U, 

where ||p|| P) n stands for the norm of g = t (gi, g2, 93, 9a) G [L p (fi)] 4 given by 

(1.6) |MU = | jf \g{x)\ldx} ^ = | jf J2 \9^)\ P dx 

Now let (3 be the fourth Dirac matrix given by 

M e - ft X 

where I2 is the 2x2 unit matrix. It has been known that the free massless Dirac 
operator a ■ p or the free Dirac operator a ■ p + m/3 with positive mass m and 



i/p 



the relativistic Schrodinger operator -y/m 2 — A may bring similar properties in L 2 
sometimes but not necessarily in L p with p ^ 2. On the other hand, the following 
two norms are equivalent: for 1 < p < 00, 

(UWI + II vvilp 1/p , 
IIvT^AVIIp- 

where ip is a scalar-valued function in IR 3 (Stein [6], p. 135, Theorem 3 or p. 136, 
Lemma 3). However, for p = 1 or p = 00, these two norms are not equivalent, in 
fact, the one does not dominate the other ([6], p. 160, 6.6). 

For an open subset Q of IR 3 and 1 < p < 00, let A p (fl) be all C°° functions ip on 
Q such that ip and belong to L P (Q) and let H 1,P (Q) be the completion of A P (Q) 
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with respect to the norm given by 



(1.8) 



l,p,Q 



(\ip(x)\ p + \V^{x)\ p )dx 



1/p 



P P ,n+\m\ P P ,n] 



where \Vip(x)\ p = Y^=i \9jtp(x)\ p . Let C£°(Q) be the space of all C°° functions <p 
on Vt such that support of is contained in Vt and let i?o' p (f2) be the completion 
of Co°(f2) with respect to the norm ( 11.8f) . The space Hq P (Q) is a closed subspace 
of H 1 *^). The norm || ■ \\ s ,i, P ,n of the Banach space [H 1 *^)] 4 (and [# llP (fi)] 4 ) is 
given by 

(1/(^)1? + |V/(x)g)drj , 



(1.9) 



s,i,p,n 



(1.10) 



where / = '(A, / 2 , / 3 , / 4 ) G [tf 1 ^ (fi)] 4 and 

4 

l/(x)IS = Z>G«OI , \ 

fc=l 

3 3 4 

|V/(a:)l5 = £ Ifl^/^IJ = IW*)!' 
I i=i i=i fc=i 

(cf. («). 

Definition 1.1. Let A P: d(Q) be all [C°°(f2)] 4 functions / on f2 such that / and 
(a ■ p)f belong to [L p (fi)] 4 . Then the Dirac-Sobolev spaces HI 1,p (fi) and W ' p (n) are 
the completion of A P) d{^) and [C£°(f2)] 4 with respect to the norm 

i/p 



(1.11) 



D,i,p,n 



(\f(x)\l+\(a-p)f(x)\l)dx 



n 



respectively, where f(x) = \h{x), f 2 (x), fs(x), U(x)), and 

4 



(1.12) 



fc=i 



I (« • P)/ (a:) lp = I E a iPjf( x ) \p = E | ( E ~ ia i d if 



(x 



fc=i i=i 



It should be noted that in the paper [2] the space Eft 1 (ft) of our paper was 
denoted by H 1,1 (fi) without subscript '0'. We have adopted this notation, following 
the usual Sobolev space convention. 

Remark 1.2. (i) As in the case of Sobolev spaces, we have H^QR 3 ) = H^IR 3 ) 
since [C^°(M 3 )] 4 is dense in ^^(M 3 ) with respect to the norm (11. lip . 
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(ii) Let W x ' p (fi) be defined by 

W J *(n) = {fe [L p (fi)] 4 ; (a-p)f G [L p (fi)] 4 }, 

where (a-p)f is taken in the sense of distributions. As in the case of Sobolev spaces 
(see, e.g., Adams-Fournier p], Theorem 3.17), by approximating elements in W 1,p (fi) 
using the molifier, we have W 1,P (Q) = M 1,P (Q), where 1 < p < oo and Q is an open 
subset of R 3 . 

In this work we are going to investigate the relationship of the Dirac-Sobolev 
spaces H 1,p (f2) and the ordinary Sobolev spaces [H 1,P (Q)] A as well as the relationship 
of the Dirac-Sobolev spaces HlQ P (f2) and the ordinary Sobolev spaces [Hq ,p (Q)] 4 . 

To proceed, we note the inclusions [/^(fi)] 4 C e 4 ' p (fi) and [H^ P (Q)} 4 C 
HQ P (r2) to hold, which we shall see precisely later in the next section, Proposition 
2.2. So for an open subset Q of 1R 3 , define the linear map Jq and J^n by 

ri n x Un : [^(O)] 4 3 f^J Q f = fe H^(O), 

1 ' ] \ Jo,U : [^o* P (^)] 4 3 / ^ An/ = / G H^(fi). 

Our main result is as follows: 

Theorem 1.3. Let Q be an open subset ofM. 3 and let Jq and Jq^q be as above. 

(i) Then, for 1 < p < oo, the map both Jq and Jo.n are one-to-one and contin- 
uous. The Sobolev space [Hq ,p (Q)] 4: is a dense subspace of the Dirac-Sobolev spaces 

h5*(o). 

(ii) Let 1 < p < oo. Then [Hq' p (Q)} 4 = Mq P (Q), i.e., the map Jq^q is not only 
one-to-one and continuous, but also they are onto with continuous inverse map Jqq- 

(iii) For p = 1 the map neither Jq nor J^q are onto, or we have [H 1 ' l (Q)]' i ^ 
H 1 ' 1 ^) and [H^ip,)] 4 $ Hq' 1 ^). For p = I, the norms \\ ■ \\d,i,i,q. and \\ • \\s,i,i,Q 
of these two spaces are not equivalent; || • is dominated by \\ ■ ||s,i,i,n; but not 
conversely. 

Remark 1.4. We don't know in (ii) whether or not it holds for a proper open subset 
Q that [iJ 1,p (fi)] 4 = M l ' p (Q), i.e., that the map Jq is onto with continuous inverse 
map J n l when Q C r3 ? although it holds by (ii) for Q = M 3 that [JJ 1 ' P (M 3 )] 4 = 
M 1 ' P (M 3 ), because this space coincides with [# 1,P (R 3 )] 4 = Hq' p (M 3 ). 



For the proof we shall use a method of classical analysis rather than a subtle 
pseudo-differentical calculus, in particular, in the case p = 1. 
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In Section 2 we shall prove Theorem 1.3, (i) (Proposition 2.2). In Section 3 we 
are going to give the proof of Theorem 1.3, (ii) by first dealing with Jq and then 
J 0j n. Theorem 1.3, (iii), the case that p = 1, will be discussed and proved in Section 
4. 

2. Continuity of the map 

In this section we are going to prove Theorem 1.3, (i). Let aj, j = 1,2,3, be 
the Dirac matrices given in (11.21) . Then we have 

Lemma 2.1. Let ) G C 4 . Then, forp G [l,oo), 

(2.1) \a j a\ p = \a\ p (j = 1,2,3), 

where the norm | ■ \ p is given by (11. 4ft . 

Proof. By the definition of a\ we have 

a 1 a = *(a 4 ,a 3 ,a 2 ,ai), 

and hence 

|otiog = |a 4 | p + \a 3 \ p + \a 2 \ p + h| p = \a\ p p . 
In quite a similar manner ( 12. ip can be proved for j = 2,3. □ 

Now we are in a position to show the continuity of the map Jq and Jo,n given 
byflmj). 

Proposition 2.2. Let be an open subset of M 3 and let f G [H 1 ' p (n)} 4: . Then, 
for p G [l,oo), we have f G H 1,p (fi) and there exists a positive constant C = C p , 
depending only on p, not on Q, such that 

(2-2) 11/11 <C\\f\\ 

where the norms \\f\\D,i,p,n an d ||/|U,i,p,n are given in (jl.lip and (jl.9p . respectively. 
Thus the identity maps Jn on [H 1,P (Q)] A and Jo,^ on [Hq^IQ)] 4 are continuous, 
one-to-one maps from [if 1,p (f2)] 4 into H 1 ' p (f2) ; and [Hq' p (^1)] 4 into HQ ,p (f2). Further 
[Ho' p (Q)\ 4 is a dense subset ofUl' p (n). 
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Proof. Let / = / a ,/ 3 , / 4 ) G [H 1 *^)] 4 . By using Lemma 2.1 and Hdlder's in- 
equality for p > 1 or the triangle inequality for p — 1, we have 

k« • p)f\ p P = i(E -«i<wi5 < (Eiaww* = ( E m\ P ) p 



1=1 1=1 
3 3 

2=1 fc=l 



2=1 fc=l 

where + = 1 and see (jl.lOp for the definition of |V/| P . It follows that 

(2.3) ||(a-p)/|U = (J\{a-P)f\l<b) 1/P < ^ ( J |V/gdx) ^ = 3^||V/|U , 

where \\(a ■ p)/|| p ,n is the norm of (a • p)f G [L p (fi)] 4 given by (11.61) . and ||V/|| P) n is 
given by 



||V/|U = |^|V/|^x| 



l/p 



Then it is easy to see that (12. 3p implies (12. 2p . The map J is one-to-one since, for 
f j e[H 1 *(Q)]*,j = l,2,weh&ve 

(2.4) Jn/j = J n f 2 in H 1 *^) =S- A = / 2 in [i7(ft)] 4 A = A in [^(fi)] 4 . 

Using (I2.2p and proceeding as in (12 .4p . we see that the identity map Jo,q on [ifQ' p (f2)] 4 
is also continuous and one-to-one on [H ' p '(Q)] 4 ■ Since [Qj°(f2)] 4 is dense in both 
[Hi' p (n)\ 4 and Ul' p (n), [# 1,p (ft)] 4 is a dense subset of Mo' p (fi). This completes the 
proof. □ 



3. Range of the map Jo,n 
In this section we are going to prove Theorem 1.3, (ii). 
Proposition 3.1. Let 1 < p < 00. Then the map Jqr3 is onto Hq' p (]R 3 ). 

The proof will be given after the following two lemmas. 
Lemma 3.2. Let 1 < q < 00. Then A(C£°(1R 3 )) is dense in L q (R 3 ). 
Proof of Lemma 3.2. Suppose that / G L r (IR 3 ) with 1/q+l/r = 1 satisfies 
(f,A<f>) = [ f{x)A(j)(x)dx = 0, for all G C °°(M 3 ). 
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Then we obtain in the sense of distributions Af = 0, namely, A annihilates /. By 
elliptic regularity, we see that / must be C°°, and hence f(x) is a polynomial of x. 
Since f(x) should belong to Z/(IR 3 ), we have / = 0. This proves Lemma 3.2. □ 

Remark 3.3. Lemma 3.2 does not hold for q — 1, since, in this case, the Laplacian 
A always annihilates a constant C / which is a nonzero element of L°°(1R 3 ) = 
L 1 ' 



Lemma 3.4. Let 1 < q < oo. Let Q C K 3 be an open set. Then, for each pair (j, k), 
j, k = 1,2, 3 ; there exists a positive constant C = Cjk such that 

(3.1) II Wll*n < (0 6 Cnn)). 

Proof. By Stein [B], p. 59, Proposition 3, there exists a positive constant C = Cjk 
such that 

\\dM\U<o\\N>U 0ec o °°(M 3 ). 

Of course, this holds for G C^°(1R 3 ). □ 

Proof of Proposition 3.1. The proof will be divided into four steps. 
(I) Let / = '(/i, / 2 , / 3 , / 4 ) G H^(M 3 ). Then / e [L^)]\ and 

g := (a- p)f = -i[ondif + a 2 9 2 / + a 3 d 3 f] 

belongs to [L P (IR 3 )] 4 . Using the definition (1.2) of the Dirac matrices aij, j = 1, 2, 3, 
we can rewrite this with g = t (g±, gi, 9j, -Qi) as 

'igx = {d 1 -id 2 )f4 + d 3 f 3 , 
igi = {di + id 2 )f 3 - d 3 U, 
m = {di - id 2 )f 2 + d 3 f\, 
igi = (d l + id 2 )fi - d 3 f 2 . 

Then from the first and second equations of ( 13. 2\\ we have 

(d 1 + id 2 )i 9l = (df + d 2 2 )f 4 + d 3 {d x + %d 2 )f 3 

= (dl + d 2 2 )U + d 3 (ig 2 + d 3 U), 

so that 

A/ 4 = {dl + d 2 2 + dl)h = (di + id 2 )(i 9l ) - d 3 (ig 2 ), 
and hence, by applying dj to both sides of the above equation, we have, for j = 1, 2, 3, 

(3.3) Adjf A = (djdi + idjd 2 )(igi) - djd 3 (ig 2 ). 



(3.2) 
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Similarly we have from (13. 2 p 

{Adjf 3 = (djdi - idjd 2 )(ig 2 ) - djd 3 (igi), 
Adjfi = (djdi - idjd 2 ){ig±) - djd 3 {ig 3 ). 

The equalities in (13 .3p and (13. 4p should be interpreted as equalities in the space 
X?'( r3 ) of distributions on R 3 . 

(II) Our first goal is to show that each distribution djfk actually belongs to 
L P (M 3 ), where j = 1,2,3 and k = 1,2,3,4, namely, for each j and k there exists 
F jk G L P {R 3 ) such that 

(3.5) (djfk, <p) = F jk (x)4>(x) dx 

for any <fi G C^ C (1R 3 ), where the left-hand side is a bilinear form on D'(IR 3 ) x C^°(1R 3 ). 
This will show that / belongs to [i7 1 ' p (lR 3 )] 4 . We shall prove (J22D for k = 4 and 
j = 1, 2, 3 since other cases can be proved in a similar manner. After that, finally 
we show that / belongs to [-ffd' p (IR 3 )] 4 to complete our proof. 

(III) Let q be the conjugate of p or let q satisfy p^ 1 + q^ 1 = 1. We see from 
fl3~3|) that for G C °°(fi), 

(djf 4 , A<p) = (Adjfi, <p) = ((djdi + idjd 2 ){ig x ) - d j d 3 {ig 2 ), <p) 
= (igi, (djdi + idjd 2 )4>) - (ig 2 , djd 3 (j)}. 

Hence by Lemma 3.5 we have 

(3.6) mU,A4>)\ < \\g 1 \\ p \\(d j d 1 + idjd 2 )<f>\\ q + \\g 2 \\ p \\djd 3 <f>\\ q 

< (C n + C j2 )\\ gi \\ p \\A<l>\\ q + C i3 |MI P ||A0|| 9 

= [(a il + c i2 )||^ 1 || p + c i3 |b 2 |yi|A0|| 9 . 

Since AC^°(1R 3 )) is dense in L 9 (IR 3 ) as has been shown in Lemma 3.2, the inequality 
(13. 6 p is extended uniquely to a continuous linear form on L' ? (]R 3 ). Since L P (IR 3 ) is 
the dual space of L 9 (IR 3 ), there exists a function Fj 4 G L P (IR 3 ) such that (djf±, ip) = 
f R3 Fj4(x)ij)(x) dx , ip G L q {R 3 ), which implies (I3.5P with k = 4 and j = 1,2,3. In 
particular, we have also shown that 

(3-7) \\djf k \\ p < C {Ei =1 \\g k \\l}^ = C \\g\\ p , 

with a positive constant Cq for all j = 1,2,3 and k — 1, 2, 3, 4. 
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(IV) Finally, since / is Hq^M 3 ), by definition there exist a sequence {f n }^Li in 

C£°(IR 3 ) With f n = {f n ,l, fn,2, fn,3, fn,4) SUCn that with 9n = (<fa,l, 9n,2, 9n,3, 9n,i) ■ = 

(a-p)f n , 

Wfn ~ f\\ P DXp ^ = Wfn ~ f\\l +\\(a- P )(fn ~fW p 

= \\fn-f\\ p p + Ik- 9\\ p p ^0, rwoc. 

Since by the same argument used to get (13. 7p we have ||dj(/ n> & — fk) \\ p < Co\\g n — g\\ P 
for all j = 1, 2, 3 and k = 1,2, 3, 4, it follows that \\f n — f\\ p s lpR3 — > as n — > oo, so 
that / G [i/o' p (lR 3 )] 4 . This completes the proof of Proposition 3.1. □ 

Proposition 3.5. Let 1 < p < oo. Let Q C M 3 be an open set and Jo,n be given 
in f ll,13p . Then the map J ,n on ^° H ' p (f2). Further, the inverse map is well- 
defined as a bounded linear operator. 

Proof. (I) We have seen in Propositions 3.1 that [if 1,p (IR 3 )] 4 = H^IR 3 ) as sets and 
there exist positive constants C\ and C<i such that 

(3-8) Cill/lki* < ll/lki* < C2||/||ai,p 

for / G [#o' p (M 3 )] 4 = e^(M 3 ). 

(II) Let / G [#o' p (fi)] 4 . Then there exists a sequence {<p n }n=i C [C °°(fi)] 4 such 

that 

(3.9) ||/ - (j>n\\s,i, P ,n -> (n->oo). 

Since each <p n can be naturally extended to be an element of [C^°(1R 3 )] 4 by setting 
4>n(x) = for x G 1R 3 \ f2, we have 

(3.10) ||/ - <f> n \\s,i0 -> (n-»oo), 

where / is also extended to be a function on M 3 by setting outside Q, and hence 
/ G [H^iR 3 )} 4 with support in the closure of fi. Therefore / G H 1 ' P (M 3 ) and / 
satisfies (13. 8p . Then, (13. lOj) is combined with (13.81) to yield 

(3.11) ||/ - 0n|ki,P (n-Kx>), 

which implies, together with the fact that and 0„ have support in f2, that 

(3.12) ||/ - n |ki )Pl fi -> (n-»oo). 
Thus we have / G HQ ,p (fi), and we obtain from (13. 8 p 

(3-13) CJ/Iki,^ < ||/lki, P ,n < C 2 ||/|| A1J ,, n . 
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(III) Let / G HlJ' p (f2). Then, starting with / G HIg' p (fi) proceeding as in (II), we 
can show that / G [^'^(fi)] 4 and the estimates (13.131) are satisfied, which completes 
the proof. □ 

Proof of Theorem 1.3, (ii). Theorem 1.3, (ii) follows from Propositions 3.1 and 3.5. 

□ 



4. The case p = 1 

The goal of this section is to prove Theorem 1.3, (iii), that is, to prove [iif 1,1 (O)] 4 
and [# ( fi )] 4 

are proper subspaces of H 1,1 (fi) and H Q ' (f2), respectively. First, we 
are going to show, for = IR 3 , that [//^(IR 3 )] 4 = [i/ 1 ' 1 (IR 3 )] 4 is a proper subspace 
of H ' (R 3 ) = H 1,1 (IR 3 ) (Proposition 4.4). Then all other statements in Theorem 1.3, 
(iii) will follow from Proposition 4.4. In the following, when speaking of Hq' 1 (]R 3 ) or 
H 1 - 1 ^ 3 ), and [^(M 3 )] 4 or [iJ 1 ' 1 (M 3 )] 4 , we shall use the latter, namely, H 1 - 1 ^ 3 ) 
and [if 1 ' 1 ^ 3 )] 4 . As easily seen, H 1 ' P (IR 3 ) is also the subspace of [L P (IR 3 )] 4 consisting 
of all / G [L P (M 3 )] 4 such that (a-p + (3)f G [L P (R 3 )] 4 instead of (a-p)f G [L P (R 3 )] 4 , 
where is the fourth Dirac matrix /3 given by ( II. 71) . 

Lemma 4.1. The map 

(a ■ p) + p : H 1 ' 1 ^ 3 ) 3 f ^ (a ■ p + p)f G [L 4 (IR 3 )] 4 
maps H 1 ' 1 ^ 3 ) one-to-one and onto [L 1 (M 3 )] 4 . 

Proof. (I) We define the Dirac operator Hq = (a ■ p) + /3 as a linear operator in 
[L^IR 3 )] 4 with domain D(H ) = M 1,1 ^ 3 ). It is easy to see that H is a closed oper- 
ator in [L^IR 3 )] 4 . Let the operator H = (a-p) + (3 be defined as a pseudodifferential 
operator acting on [iS'(IR 3 )] 4 , the dual space of [*S(1R 3 )] 4 , with 4x4 matrix symbol 

3 

(4.1) <TH{£) = a-Z + P = '52Z j a j + p. 

Then the operator Hq can be viewed as the restriction of the operator H to H 1 ' 1 (]R 3 ). 
Let B be a pseudodifferential operator acting on [iS'(R 3 )] 4 with symbol 

a B {i) = (i + |£ITV H (£) = M£)[(i + Itfr'h}. 

By the anti-commutative relation 

aja k + a> k a>j = 25 jk I A (j, k = 1,2, 3, 4, a 4 = 0), 
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where J 4 is the 4x4 unit matrix, we see that 
which implies that 

(4.2) HBf = BHf=f (/ G [<S'(R 3 )] 4 ), 
i.e., the operator B is the inverse operator of H on [5'(IR 3 )] 4 . 

(II) Note that 

(4.3) B = HB {1 \ 

where the symbol <7 B (i)(f) of B^ is given by ^(O = (l£l 2 + i) -1 ^- Let cr (O = 
(|£| 2 + 1) _1 and let a (p) be the pseudodifferential operator on 5'(IR 3 ) with symbol 
0o(£). The symbol cr (£) is a C°° function on R| and bounded together with all their 
derivatives. Then, by noting that the integrand (|£| 2 + l) _1 (J r (/))({) is a function in 
<S(R 3 ) for G S{R 3 ), we have 

(a o (p)0)(x) = lim (27T)- 3 / 2 / e-<(\e + l)" 1 ^)^) ^ 
= (2vr)- 3 lim / { / e^<(\i\ 2 + I)" 1 dt}<Ky) dy. 
= (27r)- 3 hm / {/ e^dCr + l)- 1 ^}^-?/)^- 

R ^°°Jr3. < J\e\<R J 



for G 5(R 3 ). Since (|£| 2 + l)" 1 G L 2 (M 3 ), the integral J lil<R e iy< (\^\ 2 + 
converges in L 2 (R 3 ) as R — > oo. At the same time it is known that the limit 



R-»oo 

exist for y ^ with 



lim(27r)- 3 / e^(|e| 2 + l)- 1 de = G(y) 



G{y) = f " 



47r|y| ' 

which is the Green function of the operator 1 — A. Thus we have 

(a (p)<i>){x) = (G*<i>)(x) (0gS(M 3 )), 
where G * (ft denotes the convolution of G and (ft, which implies that 
(4.4) a%\p)(ft(x) = (G*(ft)(x) = t ((G*(ft 1 )(x),(G*(ft 2 )(x),(G*(ft 3 )(x),(G*(ft 4 )(x)) 
for = '^, 2 , 03, 4 ) e [S(M 3 )] 4 . 
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(III) Let B be the pseudo-differential operator as in (I). It follows from (I4.4p 

that 

3 

(4.5) B<f>(x) = G H {p)af{p)cf){x) = -iaft + ^ (G * <f>)(x) 

3=1 

for <j)(x) G [5(IR 3 )] 4 , where dj = d/dxj. Define a 4 x 4 matrix-valued function 
K(x) = (Kkt(x))i<k4<4 on 1R 3 by 

3 

K(x) = (j^-iocjdj+^Gix) (G(x) = t (G(x),G(x),G(x),G(x)). 

3=1 

Therefore we have 

3=1 

and each element K^{x) of K(x) belongs to L 1 (IR 3 ). Thus the fc-th component 
(B(j))k, k = 1, 2, 3, 4, of B(p is expressed as 

4 

(B<p) k (x) = J2(K M *<f>e)(x), 
i=i 

which allows us to apply Young's inequality to see that 

WB^ < C||0||i (0e[5(M 3 )] 4 ) 

with a positive constant C . Therefore B restricted on [iS(IR 3 )] 4 is uniquely extended 
to a bounded linear operator on [L 1 (IR 3 )] 4 which will be denoted by Bq. The operator 
Bq is actually the restriction of B to [L 1 (IR 3 )] 4 . 

(IV) Let g G [L X (]R 3 )] 4 . Let {g m }% =1 C [S(M 3 )] 4 be a sequence such that g m -»■ g 
in [L^IR 3 )] 4 as m -> oo. It follows from QO) that 

H B g m = (a ■ p + f3)B g m = g m (m = 1, 2, • • • ). 

Therefore, recalling that 5q is a bounded operator on [L X (]R 3 )] 4 , we have 



(4.7) 



B g m -> B g, 

(a ■ p + (3)B g m = g m -)■ g 



in [L 1 (M 3 )] 4 as m — > oo. Since the operator H = a ■ p + /3 defined on H 1 ' 1 (IR 3 ) is 
a closed operator, we see from (14. 7ft that B g G H 1,1 ^ 3 ) and H B g = g, which 
implies that H = a ■ p + is onto [/^(IR 3 )] 4 . 
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(V) Suppose that / 6 M 1 - 1 ^ 3 ) such that H f = (a-p + (3)f = 0. Let {/ m }~ =1 C 
[C °°(M 3 )] 4 such that f m -» / in M 1,1 ^ 3 ) as m ->■ oo. Thus we have 

(4.8) f m ^f, (a-p + f3)f m ^(a-p + f3)f in [L 1 ^ 3 )] 4 . 
On the other hand, we have from (14. 2 p 

(4.9) B (a ■ p + f3)f m = (a-p + 0)B o f m = f m (m = 1, 2, • • • ). 

Letting m — > oo in (I4.9p . noting that B is a bounded operator and using (14.81) . we 
see that 

= B (a ■ p + (3)f = lim (a • p + f3)B f m = lim f m =f 

m—>oo m—too 

in [L X (IR 3 )] 4 , which implies that Hq is one-to-one. This completes the proof of Lemma 
4.1. □ 



Remark 4.2. As has been seen, the key element of the proof of the above Lemma 
4.1 is to show that the pseudo differential operator B given by (14.31) is a bounded 
linear operator on [L X (]R 3 )] 4 . Actually it can be shown that B is a bounded linear 
operator on [L P (IR 3 )] 4 for 1 < p < oo. Thus we can prove that Lemma 4.1 holds 
for any 1 < p < oo. In fact, for 1 < p < oo, a theorem in Fefferman |3] (Theorem, 
a), p. 414) can be applied to show that B is a bounded linear operator on [L p (M n )] 4 
with n = 3. Let a(x,p) be a pseudodifferential operator in IR n whose symbol a(x,^) 



belongs to the Hormander class S l _ a 



with < 5 < 1 — a < 1. Then it follows 



from the above theorem by Fefferman that a(x,p) is a bounded operator on L p () 
if b < na/2 and 



1 


1 


b 


n 


hAi 






< - 


2 




p 


2 


n 




-aJ 



A 



no 
2 



1 — a 



By taking n = 3, b = 1, 5 = 0, the above two condition becomes 

1 1 

(4.10) 



P 



1 3 

< - < -. 
~ a 2 



For p > 1 there exists a £ (0, 1) which satisfies (14. 101) . For p = 1, however, there 
is no a which satisfies (I4.10p since both sides of (14.101) become 3/2. Indeed, our 
pseudodifferential operator B has symbol 0\b(£) belonging to the Hormander class 
Si\ o(K 3 )- To prove Lemma 4.1, which is the case p — 1, we have discussed the 
integral kernel of the Dirac operator. 



To proceed, we need some facts on the local Hardy space /i 1 (IR 3 ), which is 
introduced in Goldberg |5] in connection with the Hardy space if 1 (M 3 ). The Hardy 
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space is (see e.g. Fefferman- Stein [3]) the proper subspace of L X (IR 3 ) consisting of 
the functions / G L X (]R 3 ) such that Rjf G L^M 3 ) for j = 1,2,3, where := 
dj ■ (— A) -1 / 2 are the Riesz transforms, having symbols Let be a fixed 

function in the Schwartz space iS(IR 3 ) such that ip = 1 in a neighborhood of the 
origin. By definition a distribution / belongs to /i 1 (IR 3 ) if and only if / G L 1 (IR 3 ) and 
Tjf G L 1 (IR 3 ) for j = 1,2,3, where rj, j = 1,2,3, are pseudodifferential operators 
with symbol cr r (£) — (1 — V 9 (0)(^i/l^l) (0' Theorem 2 (p. 33)). The definition is 
independent of the choice of ip. It is a Banach space with norm \\fl\h 1 — ll/IU 1 + 
Ylj=i Iki/IU 1 - The space /i 1 (IR 3 ) is a proper subspace of L^M 3 ), which is strictly 
larger than the Hardy space H 1 (M. 3 ) (see e.g. |5J, p. 33, just after Theorem 3). 
Now, we are introducing the following operator 

(4 11) r> = Oil - A)- 1 ' 2 = 9i ( " A)V2 = R ( " A)1/2 
1 > i ° A ' (_A)V2(i_ A) V2 ^ (1-A) 1 / 2 ' 

where we note that the pseudodifferential operator (—A) 1 / 2 / (1 — A) 1 / 2 is a bounded 
operator on L 1 ^ 3 ) (see Stein [6], p.133, Eq.(31)). 

The proof of the lemma below was inspired by the proof of [5], Theorem 2 
(p.33). 

Lemma 4.3. A distribution f in M 3 belongs to /i 1 (IR 3 ) if and only if f G L^IR 3 ) 
and r'jf G L 1 ^ 3 ) for j = 1, 2, 3. 

Proof. (I) It is sufficient to show that — r'-, j = 1, 2, 3, are bounded linear operators 
on L!(M 3 ) (or, more exactly, the pseudodifferential operator rj — r'j defined on (S(IR 3 ) 
can be uniquely extended to a bounded linear operator on L^IR 3 )). Note that the 
operators rj and r'- have symbols 

(4.12) a rj (0 ^ , a r ,(0 - ^ + ^ 2 y /2 , 

and both symbols are C°° functions in R| and bounded together with all their 
derivatives, and we have 

^ iei v 1 (1 + iei 2 ) 1 / 2 ^ (1 + iei 2 ) 1 / 2 

As in the proof of Lemma 4.1, we are going to show that, for each j = 1, 2, 3, the 
pseudodifferential operator with symbols o~\j and a%j have integral kernels belonging 
to L X (]R 3 ), in other words, that their inverse Fourier transforms J r aij(x) and J r cr 2 j(x) 
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belong to L^R 3 ), where T is given by 



JR3 



It is easy to see that To<ij G L 1 (IR 3 ), because a 2 j belongs to <S(R 3 ), so that -F^j 
belongs to 5(IR 3 ) and hence it belongs to L 1 (R 3 ). In the rest of the proof we are 
going to show that To\j G L l { 

(II) By definition we have 



(7y(0=i(l-V(0)- 



m+\m i/2 m+(i+\m i/2 Y 

and hence, (Jij(0 — 0(\£\~ 2 ) as |£| — > oo. Thus, by noting that 1 — <p(£) is around 
the origin £ = 0, we see that cry G L 2 (R 3 ). Therefore Ij(x) = {J z aij){x) exists as a 
function in L 2 (R 3 ). Let p(t) be a real-valued C°° function on [0, oo) such that 

p(t) = l (0 < * < 1), =0 (t>2). 

Then, since <7i,-(£)/0(e|£|), e > 0, converges to <7i_,-(£) in L 2 (IR|) as e J, 0, we have, by 
setting 

I 3 (x,e) := JK-(OpWel)), 

Ij(x,e) converges to in £ 2 (M 3 ) as e | 0, and hence there exists a decreasing 

sequence 

1 > e 2 > e 2 > • • • > e m > ->■ 

such that Ij(e m ,x) — )■ a.e. rr as m — >■ oo. For the sake of the simplicity of 

notations, we shall use e < 1 instead of e m . 

(Ill) Let a = (ai, o?2, « 3 ) be a multi-index. Then we have 

(4.13) 1^(01 < c^Ci + |ei)- 2 - H (£ G R|) 

with a constant C^ a > 0, where we should note that 1 — </?(£) is bounded and 

for q^0. Let £ be a positive integer and k = 1,2, 3. Then, by integration by parts, 

(4.14) (2 7 r) 3 /V fe / J (x, e )= / {(-idtje^ja^pmdt; 

= (-i) t (-l) 1 [ ^K(0P(^|)H. 
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Here, by the Leibniz formula, we have 

t 

<tK(Op(^i)} = (<t^(OM^i) +E/c m (^-™a v (o)(5gp(eiei)) 

m=l 

=: J (te) + Ji(£,e) 
with (C m = £/ (m\(£ — m)\). For m — 1, 2, • • • ,£, we have 

£ G supp(^>(e|e|)) =► 1 < e|£| < 2 =► e < A , 

where supp(/) denotes the support of /. Thus we can replace e in d^p(e\^\) by 2|£| -1 
when we evaluate |<9^p(e|£|)|. Therefore it follows that 

(4.15) l^weDi < c(i + i^i)- w x e (e), 

where c = Cj^, m is a positive constant and Xe{0 is t ne characteristic function of 
the set A e = {£ : e _1 < |£| < 2e -1 }. Since it is supposed that e < 1, we have 
A e C {£ : |£| > 1}. The inequalities (I4.13P and (I4.15P are combined to give 

\Ji(Z,e)\<C(l + \Z\)- 2 - e Xe (0 (£gR|) 

with positive constant (7 = Cj^,i- Let £ > 2. Then it is seen that |Ji(£, e)| is 
dominated by C(l + |£|)~ 2 ^, which is in L^Rf), and Ji(£,e) ->• for each £ G Rf 
as e — > 0, and hence, by the Lebesgue convergence theorem, we have 

/ e i ^J 1 (e,e)de^0 (e^O). 
Jm.3 

Similarly, since | J (£, e)| is dominated by \d^,cij(0\ which is in L 1 (M|), and Jo(C,,e) 
converges to <9| fc crij(£) for each £ G R| as e — > 0, we have 

/ e<**J (Z,e)dt-+ [ e lx % k a l3 {i) di (e -+ 0). 
Therefore, by letting e — >■ in (14.141) . we obtain 

(4.16) x{l 3 (x) = x{{To Xj ){x) = ^(2vr)- 3 / 2 f <'-%o :j (0 # 

JM 3 

a.e. x G M 3 for £ > 2 and j, fc = 1, 2, 3. Here the right-hand side is uniformly bounded 
for x G IR 3 . Thus, by considering the case £ = 2 and £ = 4, it follows that 

<C,min(|x|- 2 ,|x|- 4 ) (j = 1,2,3) 

with a positive constant Cj, which implies that To\j G L 1 (IR 3 ). This completes the 
proof of Lemma 4.3. □ 
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Now we are going to prove that [ff 1,1 (]R 3 )] 4 is a proper subspace of EI 1 ' 1 (]R 3 ), 
which is the most crucial part of Theorem 1.3, (iii) in the following strategy: Let 
g G [L 1 (IR 3 )] 4 \ [/i 1 (IR 3 )] 4 , where /i 1 (IR 3 ) is the local Hardy space which can be 
defined, by Lemma 4.3, as the space of all distributions / such that / G L 1 (IR 3 ) 
and r'jf G L^IR 3 ) for j = 1, 2, 3, where r'- is given by ( fCTTjl . Set / = (a • p + /3)~V 
Then, by using Lemma 4.1, we have / G H 1,1 (IR 3 ). Then we shall be able to show 
that / i [tf^R 3 )] 4 . 

Proposition 4.4. H 1 ' 1 (IR 3 ) is strictly larger than [if 1 ' 1 (IR 3 )] 4 . 

Proof. (I) It follows from Lemma 4.1 that, for every g G [L 1 (IR 3 )] 4 there exists a 
unique / G H 1 ' 1 (IR 3 ) such that g = (a ■ p + f3)f. The equation g = (a ■ p + (3)f can 
be written as 

91 = -i{di - id 2 )f 4 - id 3 f 3 + f u 

92 = -i(di + id 2 )f 3 + id 3 f 4 + / 2 , 

93 = ~i(di - id 2 )f 2 - id 3 fi - f 3 , 
k 94 = -i(di + id 2 )fi + id 3 f 2 - f 4 . 

Solving the above equation for fi, f 2 , fz and f 4 , we obtain 

A)/i = -i(di - id 2 )g 4 - id 3 g 3 + g%, 
A)/ 2 = -i(di + id 2 )g 3 - id 3 g 4 + g 2 , 

A)/ 3 = -i(9i ~ id i)92 - id 3 gi - g 3 , 
A)/ 4 = -i{di + id 2 )g 1 - id 3 g 2 - g 4 , 

where dj = d/dxj. Here each equation in (14.171) should be viewed as equations in 
5'(]R 3 ). As has been shown in the proof of Lemma 4.1, the differential operator 1 — A 
has the inverse (1 — A) -1 as a pseudodifferential operator with symbol (1 + |^| 2 ) -1 , 
and hence, by applying (1 — A) -1 and dj to each of the equations in (14.1 7p . it follows 
that 
(4.18) 

'djfi = -i{djd x - idjd 2 )(l - A)- 1 g A - idjd 3 (l - A)" 1 ^ + 0/(1 - A)~V 
< djh = -Odjdx + idjd 2 )(l - A)-^ 3 + idjdzil - A)- l g 4 + dj(l - A)- 1 g 2 , 

* d jfc = ~K d A ' " A)- 1 ^ - idM 1 ~ A)~^i - 0,(1 - A)- 1 

dih = ~i{dA + td 3 d 2 )(l - A)~V + 0^3(1 - A)- l g 2 - 0,(1 - A)"V 

(II) By Lemma 4.3 we can choose go G L X (]R 3 ) \ /i 1 (IR 3 ) such that r' 3 go = 
d 3 (l - Ay^go i L 1 ^ 3 ). Then define g = ^gi, g 2 , g 3 , g 4 ) G [^(R 3 )] 4 by 

9i(x) = g 3 (x) = g 4 (x) = and g 2 (x) = g (x). 



(4.17) 



f(l 

(1 
(1 
1(1 
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Then we have from ( I4.18p 

(4.19) d 3 U = idMl ~ A r^2 U = 1, 2, 3). 

Since r' 3 g 2 ^ L 1 (IR 3 ), we have necessarily r' 3 g 2 (fc /i 1 .Then {r[{r 3 g 2 ),r 2 (r 3 g 2 ),r' 3 (r 3 g 2 )} 
does not belong to [/^(IR 3 )] 3 . It follows from (14. lip that the symbol Sj3(£) of r'^r 3 is 
given by 

M0 = (1 + if ,2)1/2 (1 = (^)(^)(1 + lei 2 )" 1 , 

and hence by using (j4.11j) again, we see that 

(4.20) r'/ 3 g 2 = (9,(1 - A)- 1 / 2 )(9 3 (l - A)~ 1/2 )g 2 = dfrQ. - A)" 1 ^ 
for j = 1, 2, 3. Thus we have from (gjg) and (14201) 

(diU,d 2 U,d 3 U) = i{r\r' 3 g 2 y 2 r' 3 g 2 y 3 r' 3 g 2 ) { [L\R 3 )]\ 
which implies that / ^ [iJ 1,1 (IR 3 )] 4 . This completes the proof of Proposition 4.4. □ 

Proposition 4.5. Let Q be an open subset ofM. 3 . Then 

(i) [Hq 1 ^)] 4 is a proper subspace o/Hq 1 ^). 

(ii) [H l ' 1 (Q)] 4: is a proper subspace o/H 1 ' 1 (fi). 

Proof. (I) We are going to show the norms ||/|| 5,1,1,0 of [H Q ' (O)] 4 and ||/||d,i,i,q of 
H*' 1 ^) are not equivalent on [C£°(fi)] 4 (see ((TSJ) and (TTTTj) for the definition of 
these norms). To this end we use Proposition 4.4. Without loss of generality, we may 
assume that Q contains the unit ball {x : \x\ < 1} with center at the origin. As in 
( 11.6)) (with p = 1), we denote the norm of [L 1 (fi)] 4 by ||/||i,n, z.e. ; 

||/||i,n= / J2\f 3 (x)\dx (f(x)= t (f 1 (x)J 2 (x)J 3 (x)J i (x)). 

Jn 3=1 

By Proposition 4.4 and the fact that [C£°(1R 3 )] 4 is dense in both [if^QR 3 )] 4 and 
H 1 ' 1 ^ 3 ) (Theorem 1.3, (i)), the norms ||/||si i rs and ||/||diir 3 are not equivalent 
on [Cg° (M 3 )] 4 . Therefore, by taking note of Proposition 2.2, flZ2]) with Q = R 3 , which 
says that the norm ||/||_d,i,i,m 3 is dominated by the norm ||/||s,i,i,r3, there exists a 
sequence {f n }^ = ± of functions in [C^°(1R 3 )] 4 such that f n ^ and ||/„|| s,i,h^ 3 — 
(n + l)||/n|b,i,i,R3 , or 

(4.21) ||/n||i,R3 + ||V/ n ||i,R3 > (n + l)[||/ n ||i )R3 + ||(a-p)/ n ||i iK 3] 

for each n — 1, 2, • ■ • . Each f n has support in some ball {x : \x\ < R n } with radius 
R n > and center at the origin. We may assume with no loss of generality that 
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R n > 1 ( n — 1) 2, • • • )• Put g n (x) = Rnf n (R n x) . Then g n has support in the unit ball 
{x : |x| < 1}, and hence in Q, so that {g n } C [C^°(f2)] 4 for each n. We have 

||pn||i,n — ||/n||i,R 3 an d 1 1 9j g n || i,n = R n || djfn II i,r 3 
for j = 1, 2, 3. Then by ( I4.2ip we have 

IISn||i,n + 4-||Vft,||i, n > (n + l)[||5n||i,n + 7rll( a • p)ft»l|i,n], 

and hence, by noting R n > 1 

1 n + 1 

■^-||V0 n ||i,n > n||^||i, n + ||(a • p)ft»||i,n 

> -^-[|kn||i,n + ||(o-p)^||i,n||]. 

tin 

Therefore 

||V^ n ||i,n > n[||#n||i,fi + ||(a • p)#n||i,n], 

which implies that ||<? n || 5,1,1^ > ^||^n.||-D,i,i,n for n = 1, 2, • • • . This proves that the 
norms ||/||s,i,i,n and ||/||d,i,iji are n °t equivalent on [Co°(f2)] 4 , showing (i). 

(II) As we have seen in the proof of (i), the norms of [H ' (O)] 4 and Hq' 1 ^) are 
not equivalent. In fact, there exists a sequence {g n } C [C~(fi)] 4 such that 

Since clearly this sequence is also contained in [if 1 ' 1 (f2)] 4 , this implies that the norms 
of [-ff 1 ' 1 (fi)] 4 and H 1 ' 1 (f2) are not equivalent. This shows (ii), completing the proof 
of Proposition 4.5. □ 

Proof of Theorem 1.3, (in). Theorem 1.3, (iii) follows from Propositions 4.5. □ 
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